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§1. BEHOESD BERH

a = ag, b= by {2\ T, Euclidean Algorithm #4742 Z L2k v, KDL
FaE&YBNELNIZE L LS. Step n(0-origin) THIV BN/ & 95 (ie. 11 | Tn_2)-

Step 0 ag = bo(]() + 7o, 0<rg< bo,

Step 1 by = roq1 + 11, 0<r <rg,

Step 2 ro = r1gs + 79, 0<ry <y, (1.1)
Stepn —1 Tne3 =Tn_92Gn_-1+ Tn_1, 0<rn_1<rTn_2,

Step n Tn—2 = T'n—1qn, ryp = 0.

CRBOEREZNEN by, 10, .., Tnoy TEIUL
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To To
T T
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R0, ERRAL T
ap - 1 - 1 o
%*QO+E*QO+QI+Q*QO+ 1
z E nt——
G2 + o
q1 1
q2 +
S
1
Gn—1+ =%
1
=qo + 1 (1.2)
+
q1 1
q2 +
o
1
T T
dn—1 + QTL

D, INEROFKICELS &, compact IR Z ERATREIC R D
ap 1 1 1 1

.. =
bo 1w g1+ G2+ Gh—1t Gn
@PEOTHLTHEWR, 1 <j<nThHD ¢ ITEEHTHD ZLITERESNIZ:

(1.3)

peN, ¢ eZt(1<j<n).



ZORRIZLTHELBND (1.2) &D5WE (1.3) Z&EDE (continued fraction), &5\
138 (Deu. Kettenbruch) EFE, &2 EE AW GBOBICERTDH L&, ZD
TR OB R (expansion into continued fraction) & & 5

2 SO FEREHIZK LT Euclidean Algorithm (EA) 23 S b & &, Zhudld AR
[HD step THTT 206, FEHKIERGTEFHIBEFASINS. (1.2), oY (1.3)
IZ2WT, ne€NEZZOHESGHORES (depth) LS. n BNIEEETH DERRE 0 E R
(DU FY TREILVE] ) ZEDHLTHEZNTHASD. TRITEHOFETH 5.

F7z, (1.2) R (1.3) DFRIZ, 3 FRT_TL ThD X225 %ER (regular) 72

B, B DVITIER (normal) 3 E L FESA, T O document THAHOILD DILT
TEAZREDETHDNG, UTFHbDL Z &3 Ly, Eo8IEd <~ CERESE D
ZLeTa.

§2. 1 |

a = ap, b= bo %E%;ﬁkﬁ_é aop, b() L:ﬁbf E. A. %ﬁﬁbf?%%ﬂé?iﬁb)%iﬁ
el

((JOCHQQ cee qn)

%, ag, bg € ZT 1225V TD EQ 3 (Fuclidean Quotient sequence) &MY, ZDKE
BnThdLE, Th% (¢J<n L BERDT.
(@)<n DBV (initial segment) £1E, 0 <k <n 722 kIZOWNTD

(@) <k = (qoq1 - - - qx)

Thb.
agp, by € 7+ » EQ %1 ( )<n EHolE, TOWRYR ( )<k = (Qqu...qk) (O <
E<n)lcx LT, IHIZ, TS kOESE w, ZIRORICKHESES -

E=0: (¢)<o=(q0) wo = qo,
1

E=1: (q¢)<1 = (q0q1) w1 =qo+ o
E=2: (¢)<2=( ) w + L l

Co\g)<2 404142 2 = qo . q2

(2.1)
. 1 1 1 1

k=j: (@<i= (001 --9) wj=¢q+— —

a+ @+ gt q?’

1 1 1 1
a+ @+ Guo1t an

k=n: (¢)<n = (00192 qn) Wn = qo +

ZOkRIZ, EQFI (¢)<n BB ag, byg € ZT IZDWT, ZDOFIOMEIN (q) < (2
D, EXRIEEEDEE, 2O w, ZHESE w = w, Dk ROBLEDE (convergent
fraction of degree k) L5 9.

Iz, WM w = wo BEZ DI L &, TREBK OB T BT 52 L,
DFEV, a,beZt N Gla,b)=1%RETLE2EZ2 LS. ZhE, Zd document

THE M w = w, OFBAE (flatting-in) & IES2L

2.1 PEED LTI “to transform ordinary simple fraction” & #h 5 2 ENSWVEETH .



n NZENBKE S RTAE (FWEW n < 5), EOKE FTOHBIEICHE LT
BAaEED, EWIEEEMBVIETZLICRD. wy= g T & LT

L qo@n+1

3

w1 =(qo+ —
q1 q1
(@ +1)+q¢  qqug+q + g
w2 =qo + = = )
@+ — qi1g2 +1 q1g2 +1
q2
_ _ 0919293 + qoq1 + qogs + g2q3 + 1
w3 = qo + =...... = R
a1+ 919293 + 1 + g3
1 1
go + —
q3
5.
HETZavyTFoHIzbRnI T L) OB IEER

(L72%] o CEabhizoT,
BETHD.

-

IR, Z
Definition 2.1 (*FiB{L1T5I)
@0 EN, gp € ZF (1 <k <n) 257255 (q)<n 1K LT 1t LIEOFTS

_ (a0 1 (a1 _ (a1 _ (a1
xS EE, BIC#ICk=0,1,2, ..., n {20 TITAI Mo, My, ..., M, &

k
_{ag 1Y\ det _f[ak ap_1) def '
MO - (/80 0) - QO? Mk - (516 /Bk‘,—l) - Jl;[OQ] (22)

LEFRT D, ZOTHI My, &, O wy, OFIBIEITHI (flatting-in matriz (pl

OFIALIZHONTERL LS.

matrices)) & MRS,

INT, NERER BT D AT

INSTEEE & DA

§ 3.
WO T /NS R ER L IFRTH D -

THEOREM 3.1 (ES#0OFEL)
@ €N, ¢ € Z+ (j > 1) 2H7=TEEOARS (q)<i % BA SN HOES k

DI 1 1 1 1
Wi :(]0+ _— ... —
Qa1+ g2+ Q-1+ qk

CoWT, OB T E 2 &L, 5 vector (‘b‘) LT 5

My, = H?:o Q, PHEILIINC—FT D :wy = % (irreducible) {22\ T

()=o)

F4, D Lemma MKV L :



Lemma 3.2

AHARATAI My, (0 < k < n) DT oy & B IZAWVICETH S G (ag, Br) = 1.

Proof.
F9, M &N EOITFITH L. 1THIROFRENEICLD

k k
det My, = det [ [ Q; = [ ] det Q;
=0

=0
ThHY, EED jIZONTdetQ; = -1 THLINH
det My, = (—1)F*1, - apfBro1 — ap—1B8p = £1.

hiE, AEFBER apr + By = 1 BDEEME LS L EE®RTIND,

Lemma 3.3

SPAHUEATH My, = <0"“ “’“) (0 < k < n) 22T, 50 (ap), (Br) 13K

r Br-1
DL A 277
Qo = qo, ap = apqy + 1, Qg1 = QpQpe1 + Qp_1;
Bo =1, B1 = Boqu, Br+1 = Brqrt+1 + Br—1-
Proof.

1 1
i?mQ():(qo >7M0=<a0 )Ji@aoqu,ﬁozl-
1 0 Bo O

M, = MQ = [0 Y} () kv 41, 8 =8
= = « :aq s = q.
1 01 ﬂo 0 1 0 1 041 1 041

F7o, Mgy = Gt O IZHOWNWT
Br+1  ak

k
Mjt1 = jl;[ij “Qrt1 = My Qi1 = <g: g:i) <qk1+1 é)
THDHMND, JHMNAIITHAL. [ ]
BT, Theorem 3.1 OFEHTH 5.
Proof.
HOBOWRS KB DImHEIC LS.
[LBase. k=00t%, wy=qo =% THY, Mg =Qp = (qo 1) £

1 0
a=gqy,b=1 & LTHL.

II. Inductive Jump. m € NIZ2OW Tk =m THRMEZHRET S :



(irreducible) {22V T,

Sl RS

Induction Hypothesis: w,, =

(Z) =M,, (é) = (Zm), i.6.a = Qm, b= Bm.

E=m+10D&Z, EHE wnp OV % LETE, mERE LR

(5) = ()= G2 cenm=

ThbdH. 2T
n 1 1 1 Qo
w :q —_— e _
" 0 QI+ qul"' dm ﬂm
&
n 1 1 1 1
wm :q — e
i 0 q1 mel"_ Qm+ gm+1

1 1 1
WZoWTC, w,, OREILHD — & ——
) dm Am~+ Qm+1
BELND.

Lemma 3.3 £ Y, w,, = Gm 22T
m

WCEEHBZNIT wn 22D Whg

QU = Qm—14m + Qm—2, 5m = Bm71Qm + ﬂm72

THY, am-1, Om—2, Bm—1, Bm—2 \ZIE g1 FHDNRNZ LIZHEET D &,
ZOEIMBZIIZEY an, Bm ITETNREN

Qm—1
Qm—1 (qm + ) + m—2 = m—19m + Am—2 +
dm+1 dm+1
= Qp + =L (" Lemma 3.3),
qm+1
Bm-1
Bm—1 (Qm + ) + Bm—2 = Bm-1qm + Bm—2 + B
dm+1 Am+1
=Bm + Prn1 , (. Lemma 3.3)
C]’m+1
L%, ZokllX, O Lemma 3.3128 5T
Qi —
m + (Im+11 _ AUmdm+1 + a1 _ Am+1
ﬁm —+ gL: ﬁQO+1 + Bm—l 6m+1

5.
Lemma 3.2 12X > T G(ams1, Bmy1) =1 THDEINH, A= apy1, B=

- A m . N
Bropr L FHIE S = DL S G OB THETH D, o

B Bm-&-l

(gmﬂ) =Mm+1<(1)> Thh. EoTh=m+10LE by oD kR
m—+1

Sz,
LA EX Y, Theorem 3.1 13IfEED k € N IZOWTHL D L. [ ]




§4. Scholia

41 Bl (o), (8) DIRMHEE
¥ () 14 Figure 4.1 Oz o -

Figure4.1 (n, n+ 1) — n + 2 Recursion

1 1 1

1 1 1
_>a0 a2 a4 oo ak—Q ak e
q1 qs3 qs
q2 q4 q qk Toa1
+
ag 1 a5 1 DR 1 ak* ...

k—2
— Q1 I 1= 7 Ok41

—fk D 3 HEEHLAUIZOWTHEERTH D, ZOmEEZ R TERDT.

2rec

()

0,1 — (a)

4.2 Flatting-in Cube
Theorem 3.1 i Figure 4.2 @ Flatting-in Cube T#b I 5.

Figure4.2 Flatting-in Cube

(9)<o (9)<1 (9)<2 ()<t — (@) <hr1 —
S <
Mg ‘ M; ‘ M, ‘ My, ‘ My 41 ‘
‘/ wo ‘/‘} w1 J{H Wy — —> ‘/H W — | 7> W1 — —
/ / / /
(aB)o = (af)h = (af)s == - = (af)r = (aB) 1 =

Z 2T, 4 20IFER (w), (af), (@), (M) B3dH 5. ZnbEZnEhERibL
loop TEHLTZ&IZL-T, kEHE5 !

+1 xQ
Y B N
S ———— M) "
EQs pr
7 (W) flatting-in (Oéﬁ) \
J,IU 2rec

Z 2 ¢, EQs IF Euclidean Quotient sequence %, FIM |3 Flatting-in Matrix %,



Z LT pr 135 1 51 &2 B 355 (projection) 29 Z @ diagram 1%
flatting-in = pr o FIM o EQs

MBS Z L ERDLTND.
Z AU, Figure 4.2 @ Flatting-in Cubes & W OMEIEZDH DD, FE~DIEHRIC
2o TND.

5T, mathematical archery (34 THF&] category theory) IZ/ <> TW\5 DT,
R EEXIZETTT.
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