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Abstract
neZt L LT (n)={1,2,...,n} OMPHELT, BT LIEREOMNEEER
WH D% gap subset, F-MENOEE 1 & n ZBHEL TS LB XTHEIL,
LD A S 0 E O & KER gap subset & RS,
TnEnNoE¥%E G, K, T#F7 L&, Fibonacci 5= Lucas 5l & [7] LI

BALR
Gn+2 = Gn+l + Gn; Kn+2 = Kn+1 + Kn

WRALY 2. ZOMRE 2 RO R ZRD Z L2 LIT, (n] OFMAEE ZHF
51k (encoding) L THH A% 2 fE3CFS (binary words) b TiEs S f7- 4k
{H% (concatenation) @A 5HE <. HIZ, Fibonacci/Lucas DI T
DV DOEFERIT S, 20 2 EXFH EOBRNSH TR E 52 5.
INOOXFHE ZNEZ @S L TR O ES Z /LT 5 algorithm
%, Emacs Lisp £\ 9 program SiBIC LV FEE L. Fo, EFOBEIRKA
i EE & SEIYA K, £ 2B SRR Haskell, &KUY FESE C++
IZ &% program ZEFENT N7z, TiLH O program source & £ D IHER %
Appendix & L7z. (Sun Sep 16 14:11:09 2012 JST, Not Yet Written.)
WEEICE LT, EHEORWERMICEA TN Y. A ZAICEHLET.

Abstract
Among all subsets of (n] = {1,2,...,n}, n € Z™, one which includes no
pair of adjacent elements is called a gap subset of (n], and G,, means the
total number of these gap subsets of (n].
Next, when the relation “being adjacent” is interpreted as in (mod n) (so
in (n], 1 and n are adjacent elements), one which includes no pair of adjacent
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elements in this meaning is called a circular gap subset of (n], and K,, means
the number of these circular gap subsets of (n].

In the following, it is shown that G, and K, have the same recurrence
relation as of Fibonacci and Lucas sequence, that is, it holds that

Gn+2 == Gn+1 + Gn7 Kn,+2 - Kn+1 + Kn

Of course, this relation can be proved by calculating the binomials. But
the author will show this result by encoding the subsets of (n] to binary
words on alphabet set {0, 1}, and by using the most simple operations on
these binary words called concatenation. And as by-products, we can re-
prove some of identity-relations between the Fibonacci/Lucas numbers from
this encoding-decoding strategy.

The algorithm which generates these binary words and corresponding gap-
/ cgap- subsets can be implemented on the computer. The author wrote the
program in the language Emacs Lisp, and two of his young friends TAKI-
WAKI, ToMmova and SEIYA wrote it in the languages Haskell and C++. In
Appendix, the programs and the outputs are included. (Sun Sep 16 14:11:09
2012 JST, Not Yet Written.)

The author thanks much to Mr. Y. A. for giving clear answers to poor
questions about English.
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1 Small Preparations
1.1 Finite Sets and memwords

UTF, neN&LT, £6{1,2,...,n} & (n] TELT. “(VIZ0OXEENRNT
Lz, P EnrEdERS I EEaRDT. 1]1F {1} THY, (2]F {1, 2} TH
L. BRI (0 1IFZEEAE D THD. FRRICLT ) 1E{0,1,2...,n—1} THDHNDH,
mod n TOR/NIFEAFIRTH 5.
(n] DEFEAT2"HH L. ZNODOEHPEERENORLIERE (n) ODRNELRE  power set

A Note on Gap- and Circular Gap- Subsets.
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LEW, hE Pn] 013200 TRDT. ARES A ITHOWT, TOEZEOEKE

1A THEDEIE
g2 = 284

—fiZ, EEAITHOWT, AL 2MEERE B = {0, 1} ~O5{ x MEENIFE, A binary set
DEEE SBEED. FEED a e AIZONT

a€S << x(a)=1, agS < x(a)=0

ETDHIENTEDINLTHD. ZOEMR v 2H0HEE S OS5, characteristic function
A = {a,a9,...,a,} £T5. B C A OFMEREEE xp = x &L T,
x(a1), x(az), ..., x(an) Z ZONAIZT X THESNTTE LR S n O 2 EXFS binary string

w = (xpla)xs(as)...xa(a.) (V€ (n]: xp(ar) € B = {0, 1})

TE D HES BIZOWTOIIRBEZREZ2GETET 2B THD. TOEKRT, 20w % membership relation, word
memword & FESZ L1245 L

BIZIXA=(6]={1,2,...,6} £95. SCAIZDVTS D memword % wg, S
DFER# A xs =x & LT

wg = (010011) <= x(2) = x(5) = x(6) =1, x(1) = x(3) = x(4) =0 <= 5 ={2,5,6}
b F, —MlcneZt LT, Bz

ws =(00...0) <= S=0, wg=(11...1) < S=(n]

n letters n letters
Thd.
oL, BHES SHDL, FRUIKIET D memword wg BIED Z &%, £5 S
DFFELEE Y, W2 wsg POEA S EEILTDHZILE wg DEBIEES ). encoding, decoding
PUF T, BMoRNNROIRY T, memword % @ipfMillD parentheses “(” &
O IFEMT .

1.2 Fibonacci and Lucas Numbers
Fibonacci #IZ>WTIFHEROMEITR N TH A ) - Fibonacci Sequence
(fn): fo=0, fi=1, fur2 = fot1 + fu
TEEDLN EDOFITHD. ZOH n HIL

Y= 1++5
=——, Y+ =
Y+~ - 2

Fibonacci #41 & FBMHHI 72 BAfRICH 555 & L, Lucas #8013 H 5. TOEHRIT Lucas Sequence

n

(Sign resp.)

*1 MemberShip Z4E 4% Word Tho7b EE-T, MS-Word 72 & LI L T3 5720, FiT
BLMBIENY TIERV., HEIRETERVDDOEITOILEDL LTI TV RRT 7 VX LTHY,
FEOMOEEMIZ, L LTTFRATMHELIRE, BROWLIZOICHUTALFEIZ LY 5 507,
Zhze MEH) R5RETED TOLEREF L 1S O NIEEKRME S A5 5 L=

EERA T—EB-AKRDER! EMRATELRLENMILED3ELTVSIOET, Z—HOMD
BREZ, HRAEAI ETDHRBEDOMDORKE, FVZWERS. TRTHSOENS~OR, Lo
WTHY, HEHEOHENE HEDOIERFE~DOHLEHIREDOT-DTH .

Hacker 72#! mouse %#%fiL! Emacs ZHLEE L! (vi THA 4 & F...) TpX-nician 724!

A Note on Gap- and Circular Gap- Subsets.
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(ln) =2, 1 =1, ln+2 = ln+1 + 1y

ThV, Hn B

THZLND. END LT,
Fibonacci | & Lucas FIO & W& W< DR THD L, kD Table 2155 :

n 01 2 3 4 5 6 7 8 9 10 11
fn 01 1 2 3 5 8 13 21 34 55 89
l, 2 1 3 4 7 11 18 29 47 76 123 199

b FE VD ERNRMEICEEZAT D H VX720, Lucas FNZOWTIE—F 72T il
Tk &7\ . Franois Edouard Anatole Lucas 13 1842 4FIZ4F 4, 1891 4FlZ& L1z
France D FETH DH. FEOHEER EBYGRIZB T 2K EE L. 4HTH
Lucas Test, & 2WEZh% D. H. Lehmer (7 A U & O%FE. 1905-1991. Donald
Knuth OBHIERIZN 7 5) 23588 L 7= Lucas-Lehmer Test & W94 0, FECHED
FEBRAWLNTNS.

[FIKFIZ, Lucas 1% Fibonacci DWW C ORI Z 1T/ 072, ZORENR, 1878
. American Journal of Mathematics (A.J.M.) DT, Vol. 1 12 “Théorie des
Fonctions Numériques Simplement Périodiques” & L C, 2 #8201 TS hiz
(pp. 184-240, 289-321). Lucas [Luc78] T» 5*2. [HME I % ¢ > AR B EIC
DWTOHG] EWoTfcl 2AHD [7 AV WEAHES] A J M. Ot coHsn. 77
ADKREFNC IR LR L IO TH S 5.

Z @ Frangaise THEMILZiX O 1 523, % D% Sidney Kravitz 12 & - THHR
&1, Douglas Lind O#FfE % T, & @ Fibonacci Association 7>5 HITA & LT
The Theory of Simply Periodic Numerical Functions. &9 Title THIR X 7z,
1969 EDZ L THD. ZDOFFMIE, 4 H (Feb. 2012) TiZ Fibonacci Association
@ Web page 76 DL 2% Z L3 T& % (Lucas [Luc69]) :

url: http://www.mathstat.dal.ca/Fibonacci/

Ji3 @ Frangaise & English Translation %28 & G ho¥ o2, TR HFREF TH

L0, BEEIMSIEHENT. LT, ZOHRTHS ¢

OO B, 2 RTBERAXOROXIFREKORE L, ZOFREH~DIS
MTHL. ETHRINT D OPREIEA H B, KO H#REE L e
EMEZ D> TNDBZEEHLNIT . WIZ, b OxFREED, 1755,
A ERBUARET, Hod, R, FHRT, ESER, AR, 2 ko
Diophantine fi##, FHRIE, KX REERORRES M, 28I 0 TOHE
LOMICHOEREETRE . ZOBLRL, AREROTEREO HEXOR
DOXFRBIBUZ DN T ORISE, £ L TEND EFEMBEIESC Abel B%L, @R~ ZH
4%, &R Diophantine T & O OEARIZOWTO, K0 — BN 725
OHFERERDHLDOTHS.

72 hs 2 WGRBAROROMHX, ZANAYIC R E TITHIBITIE S FREICE U

*2 Internet Archive ® collection americana TAFHRRETH 5.
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82. Gap and Circular Gap Subsets p- 5

TWBEERI? LW H0n, EEZREETCH . EWoh, A THLEIE-TVA.
ZOFRLAZTIZDD L.

b dHi, Lucas #%, Lucas 31l & 9 FEONEH X, #5002 OF%3C % H0MZ L72WFEICH
KT D LiFENTHAD.

2 Gap and Circular Gap Subsets
2.1 Definition of Gap and c-Gap

(n]={1,2...,n} £T2%. (n]| DEPEET, BEETD 2EEEZEETRNEIRD
D% (n] ® Gap Subsets, L T gapsets EMERZ LICL LS. fHlxidn=6&L
T{1, 3, 4, 6} 1Z gapset TIL7\W 23, {2, 4, 6} I% gapset THD. Z 0 BEEERE N neighborhood relation,
TEDT :a, be (] IZOWTZOHEZE |a—b| & a ~ b TRDOEIE adjacent rel.

aNb <= a~b=1
ThV, S gapset ThHD LI
keSS < —3je(n]:kNj < Vj e (n]: - kNj (1)

MEBD K IZOWTRVIDZ ETHD. neZt I2o0nT, A4 (n]={1,2,...,n}
2B END gapsets DB E G, TRDT.
FiZ, modn & LT, n& lEMELTVWDEEXLS. FEOXFTHETI2 &1
FBEEL TS, ZhiE, mod 12 IZRIT DBHERMMRZERT D 2 LITMZR S 20.
Z OMEIMFEERER & N* TRDpT circular neighborhood

(adjacent) relation
aN*b <= ’a—b| =1 (mod n).

BEEBIFR 2 N T < Kalf7e N* TE 2 T gapset #1E5S & &, £ O gapset & KEIH
(Circular) Gap Subsets, L T c-gapsets SFESZ EICL LS. fHlxiEn=6
ELT, {1, 3,5} % gapset THD & & HIT c-gapset THDH. ZhizxtL T {1, 3, 6}
IX gapset TiXZ® 223, 1N*6 2RV L2 5 c-gapset TIE7RU>.

c-gapset DEFHIL, FD gapset IOV TOERRN (1) OBERMR N 200K
BIAY7Z N* iIcEEBmz UG LRS. 2F D, S8 c-gapset THD LT

keSS < —3je(n]:kN*j < Vje (n]:~kN*j (2)
PEED EIZOWTHR YLD Z EThD. (n] IZ@END c-gapsets Didta K, TH
o
2.2 Gapsets DIRHREN %

INETR N IZOWVWT Gy, ZRDTH LS. Table 1 (p.6) #AHNTV.
WITEHIZR TERND -

e Fibonacci 5l & [ UIRMBIHER G2 = Gyt + G BV B ZE I THDHZ L.
e 5| (G,) 1% Fibonacci 5l (f,) & 2HpOTNE S &, DFED Gy = fruro-

T, B 1 ROIFNERE LIS T 57291, Z@ Table 1 IZ8Lbiv 5 gapset
%9 ~_T binary word |Z encoding L TAH L 5. (n] I8 FEi D gapset S % encoding

A Note on Gap- and Circular Gap- Subsets.



§2. Gap and Circular Gap Subsets p.- 6

Tablel Gap Subsets S D%k G,

n | Gp (n] gapsets S

0] 1 U 0.

1| 2 {1} 0, {1}.

21 3 {1,2} 0, {1}, {2}.

315 | {1,2,3p | 0,{1}, {2}, {3}, {1,3}.

4 | 8 | {1,2,3,4} | 0, {1}, {2}, {3}, {4}, {1,3}, {1,4}, {2,4}.

LCT& 558, & n ® binary word TH Y, 2221 BNEELARVWEOTHD.
Z DX D RFEE gapword E D, FOEEKEESLS W, TRDLZES. n=5FTO
gapword % Table 2 IZF & ®7c.

Table2 Gapsets @ encoding

)
3

Gapwords W,

€

0, 1

00, 10, /01

000,100,010/ 001, 101

0000, 1000, 0100, 0010, 1010, /0001, 1001, 0101

13 | 00000, 10000, 01000, 00100, 10100, 00010, 10010,01010, /
00001, 10001, 01001, 00101, 10101

T W N~ O3
0 Ul W N

2RUFE, EELTUZLLV.

1. 22T, e IZEDOXFS, ZF 2EXKbT. n=00L %, (01X {keN0<k<0} empty string
THLEIND, bHAAZEES ) ThD. BEASIIEEDELD, o TEEAD,
WMOEATHY, TEHEEEEE LRV D gapset DTEHRE AT, Lo T
n>1ThbhiE, TOHSEASLE L TOZEHLEEIF00...0 & encode TES. &2

n letters
AN, n=00 & XX, RUEEEDEIN 0 DFEIZE - Tencode ShZgiFiuid
BV, ZO XD REEIE [EDFE), [ZEOXXFH|) Usen. 2k ¢ TRD

J. DFY
pc@=0

D% encode L7z DMN e THDHDIZX LT,
0c (1] = {1}

D% encode L7cH DM 0 THD.

*2. Gapwords #5112 L= A MO T, slash / £V AU AZFEIE, 12 EOTIZH
DEEORRBIZOZEE L TCTEDETHD. LUK LT, [ IV b AICIE~Z5E concatenation
(n=5DHEIL21TA) 1L, 2 O EDITIZHLFEOREICO0l ##ELTZFETHD.

A Note on Gap- and Circular Gap- Subsets.
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ZOH 2 ORIZKB DL, IFWBIR Grie = Gy + G FEBITRENS. U
T, TAVSZDI L ZHBIIREI b, ToWH T LIZRD, LnoHflL LT
FeA THR L.
—WIZ, B ODBRAIGE y ZBITTHLWEw 21EAZ L%, o ky’a‘:i_?%'d'ééj concatenate
W, w=gz"y TRbLT. 2 X0y PEMOLTTHILELRD D, fHilz

i

101701 = 10101, 101070 = 10100

RnETHhHA.

THEOREM 2.1 (Gap Subsets OfE# G,, OIF#HBER)
n € NIZ2OWT, (n] IZBENSD gap subsets DEEL Gy, 1%, ROIFIBIHER

7N
Gn+2 = Gn—i—l + Gy

Proof.

(n+ 2] ITEEND gapsets & encode LT, £ n+ 2 ®D gapwords DES
BAED, FNE Wy & 55, ZOEA Wi &, TOEEZDOREN 0 THD
N1 THLHH, CEHEBLT, REDOTHLL I RFEOHEEE Cy, REMN1T
HDHIOIRFEOEAECL LT, ZorE, Cy & CLIFRODIICERSN
LT lITEEE L

Co={weWyyi2|Ix € Wpi1:w=2"0},
Ch = {w S Wn_,_g | dx € Wn+1 Tw = x“l}.

BHEMNMT CoUC = Whio THY, O CoNCL =0 THDME, Cy Cr 13Tk
M Wyao OFHITHS. ZOLHLE, W,y iX Cy & C; OER (direct
sum) Thd, LEFW, Wyio=Cod C) EERDbT. FHil L IXEEOEM~DS
FRICHLZR 5 7200,

Wit 5 Co ~OREE, W, D Cp ~OEHS, PEETHIENF R
g,

Gn+2 = ﬂWn-i-Q = ﬁ(COtU Cl) = ﬁCO + ﬁcl = ﬁWn-ﬁ-l + ﬁWn = Gn+1 +Gn
NEZT, BRI Y S0 2 & OFEANERT .
EF Cp & Wiyt ORICREEEHRT 5. Wy 205 Co ~DG& f -

Wit1 — Co firxre—axn0llk DEFRTDH. ZDO f LEED r1, To € Wi

[Z2>WT
f(z1)=f(x2) = 2170=22"0 = 21 =

MK SLOMNS, fITHEHETHD. Fiz, EED ye Cy lzonT
y=z2"0ANx€W, 4

BT 2 € Wt BHETB0E, fIIARTHH 5. LoT fId Whs 6
Co ~DEMI LY, Wopy & Co lZES L LTHEREND, 10y = tWniy =

Gy

A Note on Gap- and Circular Gap- Subsets.
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WIZ, CLIZEENDFEwITONWT, ZOKREBN 1 THHMNE, TOERTDIL
F, DEV n+1FHOXFHIO0 ThiThE R bRV, -, EDO we C;
IZ2UWT

w=z"1=v"01
BHleT o€ Whp, ve W, 725 x, v PEIET D, FEREFERRIC W, b Oy
~DEM g &
g(x)=2"01
WCE-oTERTNIE, 20 g bAHRATHLZLREHICFIND. LoT
1C = W, = G,, IV 3L,
ZAVTIFIMBILREAI A U STo Z & A FER & T |

T, gapsets DEH G, KT 2D E )N, Go=1=fy, G1=2=

f3 THDHMEL, —f&IC ) s

Gn = fny2 = %
BRSNS, T R_RTRERLZ ... TRLSTE=DOTIE, FolizaadyTnwsd THE/M
R 2 T 2 TEEBE] Z0ms 0, By 51040 % g —0HEF
ERILCTHD.

FEHRME AR Fa—LDENE, ZLEROARCHD. ZZTELEHKE
FLY, LF v, LFZERTS. LAVEEDAH, LFYHBEE LFBEIRHE~
DHEFAESD. ZHICHTHEERNODT FT—ERN, & LASELLELA
727e X L, Social Network Service TH 5 ... TXC, [ZOEOIE] ORLFHT
Th. ..

2.3 Circular Gap Subsets

WIZ, 2 DOEEOMELY mod n TEXLHEO, KEIMEERESR N* 12Xk5
c-gapset DELIZAA S . (n] ICEEND c-gapsets DA K, TRboT I LTl
7=. Gapsets D% G, &£ L7=DT, c-gapset D%t O, I LIz E ZARDTE
723, ZH bt Catalan Number &\ 95 ZIVE 2G4 R EBEESIOIZIZE A 4G/ 5T
W5, Brxobfuniz< v, “circle” 12%7-% Deutch 28 “Kreis” 72D T, K, & L7=
ETTH5.

AL, /INE72 n oW, circular gap subset ZRTZ ENBIHRDTH LS.

Table3 Circular Gap Subsets

n | K, (n] ¢ gapsets

1] 1 {1} 0

21 3 {1,2} 0, {1},{2}

3| 4 {1,2,3} 0, {1},{2},{3}

4 7 {1,2,3,4} 0, {1}, {2}, {3}, {4},{1,3},{2,4}

51 11 | {1,2,3,4,5} | 0,{1},{2},{3},{4}, {5}, {1,3},{1,4},{2,4},{2,5},{3,5}

ZD Table 3 "HEBICATRD ZENTED LI, (n] IZBEND c-gapsets D
WAL, JelF £ Lucas e —FH LTV 5. o T, RV IFWBERRK K0 =

A Note on Gap- and Circular Gap- Subsets.
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Ko+ K, 73037 Ths. ZORMBHRRNEZIEN 3572912, 1T Y memword
~® encoding RO TR E e )& HET 5. c-gapsets % encoding L CTX 558
c-gapwords &I, (n] DE X n @ c-gapwords X T LR 585% W Tkb
T ZHAUTLY, n=6FTD c-gapwords IFKD Table 4 (p.9) DX 57 5.

Tabled c-gapsets @ encoding

n | K, | Wy

1 1 10

21 3 |00, 10,01

3| 4 | 000, 100, 010 / 001

4 | 7 | 0000, 1000, 0100, 0010 / 0001, 0101, 1010

5 | 11 | 00000, 10000, 01000, 00100, 00010, 01010, 10100 /

00001, 01001, 00101, 10010

6 18 | 000000, 100000, 010000, 001000, 000100, 010100, 101000, 000010, 010010, 001010, 100100 /
000001, 010001, 001001, 000101, 100010, 101010, 010101

SHES, Wi OMIT, slash /7 ORiTE % (n = 5,6 DEEITATE 3 T2) TRAE
LThd. n>30Lx, Wron/ X0 b STV S memword 1% 1 1TRIIZH
LW | ODRRBIZOZERELTCTELHETHD. ZHIEALNTHAS. §EwPRES
n—1® c-gapword THD2 51X, BEX n OFF w0 1E01EY (n] DH D c-gapset D
encode THLIMNHLTHD.

ZFRIZH LT, / £ 1% AIZIEA TWS memword 22V T, @E O BRI
THEZT- gapset ODBE LV b, ZOWEEEER S (D7< L BER kymst ITITZF D T
otz ...). LIF, ZT® Tables 3,4 2L 6, WRAGEHL LS ¢

THEOREM 2.2 (Circular Gap Subsets O## K,,)
(n] IZ8EN D c-gap subsets DiREL K, 1LI7HEILRN

Kn+2 - Kn+1 + Kn

Bait. Ky =1, Ky =3 Thsnb, 5l (K,) & Lucas ¥51 (I,) \=—%
+5.

Proof.

Wy b Wy »nb, EBRICW) L, ICEENDEEELFIREZE XS,

(i) E&n+10 cgapword ODKREIZ 0 2 HEETH L&, EEn+20D c-
gapword W T&E 5. T, (n+ 1] @ c-gapset (% (n + 2] @ c-gapset T
HbHDHZEITHIET D, DEY (n+ 1] D c-gapset ITZDEFE (n+ 2] I
SlEMRND. ZOWr 2B W, ~DFgE f LT, o f
FHATH S -

Wiyi22 »szx“OEW;{H.

n

(ii) BE n @ c-gapwords DEA Wi ZIRD 2 DTS -
o KENOTHDLLODHESSy: So={veW;|IxeW;_:v=a"0}

A Note on Gap- and Circular Gap- Subsets.
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o RKEN1THLILODESS,: S1 = {U eWi | eW ;:v= x"l}.
So WEFENDFEDOLIAIZO L 1 OWVWTNTHLHVEDLN, S ITEEND
FEICOWVWTIE, c-gapword THHLLE, JEBEN 0 TRITFNIE R HRNWT &
IR L.

WD Wi, ~O5% g KD X5 IERT S -

0~v™1, ifwv e Sy,

W*sv s w=
" 17070, ifve Sy.

COBEMBRgIZLY, SYIlEENLIEEIn OFFv=2"0130 & 1iZ#kEn
T, BE&n+20E 0701 =0"2701 12745, BlziE, (5] TP c-gapset
{1,4} X v = 10010 % % ® memword IZH 273, g(v) = 0100101 Thk % H»
5, {2,5,7} X (7] ® c-gapset 1272 5.

iz, SLICEENDHIEE n OFF v =271 IZZFOMEEIT 0 TRT IR
LRV =0y"1(ZZTzEEEn—-10, FLylFEEn—-20,
c-gapword TH D). ZDL X, vidglcLV gv) =1"0v"0=10"y"10
1285, v=0"y 1 BES n ® cgapword THHLLE, g(v) =1"v"01%
b HAAEE n+2 O cgapword THDH. L EKHEZLEZTEBI ).
(5] TD c-gapset {2,5} ICKIET D c-gapword 1% v = 01001 % & 275
w =g (v) =1010010 £ 72, Z#iL (7] @ c-gapset {1,3,6} #F&KbT.

S g, R WE DD Wy ~OHMTHS T LB LN THS.

BIE fITLD We, ORE, gickd W) OBRBESE LTEVCHETHS
(DFEVHEH AR BT R) T ENF UL,

Kpyo =Whio =tWo +W, = Kh1 + K,

DFEITE T T 5.

o ET, FICED Wi, B fF (W) &, gickd So CW;: o g(So) &
X, KEBZENEN0 & 1122500, BEWCETHD.

o £/, Wi O Sy, S D glokBbBg(So) & g(S1) b, G gnESE
MHRIEY EWIZETHS.

e Ko TWNADIX, WTINHLKREN 0 THD c-gapword DESE L L TD
f(Wiiy) & g(S1) MR EHEE bRV EOMRBTHD. &AM
I, WOLIICLTHLNTHD.
T, we f(Wr,) lLonT, ZoRRO 0 2Hb0 Ehik, >y f!
EEASERIE, fOERNE f(w) € Wiy, Thb. ZRICHLT
w € g(S) MHEKRED 0 EZHY EoTTEDREIL, g DEFXRNLILIHED 1
ThY, FESICEENTVWEZENGERREIZH 1 2 H08EICRD. =
i, Eé?ﬁin—#l@ c-gapword TIXRWEETHDH. - T, ThbH 2
LB E RN ERTHREINS.

ik, f EgENENDHFTHL Z L EBRDET,

fWr)UgWa) =Wiio A f(Whih) Ng(Wy) =0,

2FY
W;-s-z =f (W;+1) g (W:)
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WRENTE. Ko Tecgapset DI K, 12250V T, RT_NZIFHMEHRD L Y 57
5. (Kn) #* Lucas $81 (I,) 1Io—5F 5 = L looW\ T, G <% = &3k
A% |

2.4 Notes by kymst.

Z D § T - 7= Gapsubsets X Circular Gapsubsets, gapword 72 & O HFEIL, 3
THEE kynst DEHETHDH (FRELF->TH L.
%£#1%, Claude Berge D3 1{F [Ber68a]
Principes de Combinatoire. Dunod, Paris, 1968.
NHEBEET-. English Edition [Ber68b] @
Principles of Combinatorics. Academic Press, 1971.
(FR#FEDFFEN 2D T, Berge BHIZL D rewrite b LILARWY) X0, AARGERD
C. vy THHEERmOIEME) Bler ok GR, ¥+ = 24k, 1973(1989)
HdH D ([~v89]). kymst I& Francaise D D djvu file % web ETAF L
(2011/07/01) 7%, 4 (Mon Aug 06 10:48:54 2012 JST/) IZRADEHARNE 5 TH 5.
WA & BAGEFRICOWTE, HEIEOWFRIC -7, 25 LTAEN R DR TN D
b, ZOEOESEWESTND L HICEX 5D kymst 721 Tldd D F . FEGHIAE.

C. Berge (1926-2002) (% France O ## T, (LARERMLHMAE DR, Graph
Theory 72 & CENBRAZE L. 8, MAEREZHEMME LTS <FHi s h
TW5. English Edition @ Foreword T, % 5 —1t{i# o K#k¥%E, Gian-Carlo
Rota IR D &L 9 12F 5 [Ber68b, pp.vii-viii] :

... Two Frenchmen have played a major role in the renaissance of combina-
torics: Berge and Schiitzenberger. Berge has been the more prolific writer,
and his books have carried the word farther and more effectively than anyone
anywhere. I recall the pleasure of reading the disparate examples in his first
book, which made it impossible to forget the material. Soon after that read-
ing, I would be one of many who unknotted themselves from the tentacles
of the Continuum and joined the then Rebel Army of the Discrete.

MAEEIRMON Ry B A, ERROTID O O, BEREIECF O RGEL SV FF 2,
...... COEEICMBEEAED DX, EH kynst O, OITTHORES N BRIEOE
WENY TEHDLEN (EEF-ThH, EREK LOMTFEEO b DIZbEEE b > TV
5. BBZEM A X DT L, OV TR LY.

Berge (22Tl

http://serge.mehl.free.fr/chrono/Berge.html
LRI N7\, Euler graph Ofifai bifli> T 223, &2 5 (7) Francaise ThH
5. F£Tz,
http://users.encs.concordia.ca/"chvatal/perfect/claude2.pdf
IZ Vasek Chvatal &5 ADIBEIAH 5.

L, EENMSNEBREELZOE, HETH G = fore, BLOK, =1,
EWIHFERRICOWTTH D, IaBEsR Gn+2 = Gn+1 + Gy, Kn+2 = Kn+1 + K, 1%
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Berge OEHITITFE R SN TV, K2, Theorem 2.1 (p.7), Theorem 2.2 (p.9)
DOFEBIZOWTIE, T E WL THEEZEIZ LI CkiX7Ze . Original T H 2 23,
Originality # FET 20 137, EREE, (T, MGEHOREDORFRERT
HDHT LTS TS, WIZERE, b LAVRLAT SIS NHIUL, Z1UT kymst —A
DEETHS.

WoT, HELORMAZIZ- XN LIFTTBIRNELLES. FERMIKTH D :

e HIIR L7= & 912, gap subset, circular gapset, memword, gapword & 9 §&i
HETHD.

e Gap subsets D#E G, % Berge IX F,, T&RDOL, ZThE2ZDEF les nombres
de Fibonacci ([Ber68a, p.27], [Ber68b, p.31], [~/1 89, p.28]) LI5S, Z D
G, F1 =2, F =33 0HEML D, 2, KinZ Tl HEELNE D
Fibonacci %1, %Y 1,1,2,3,5,8,..., % (fn) & L RFRZBET 7=,

e Circular Gap Subsets Ok K,, & Berge i3 F)f TR L, L% nombres de
Fibonacci corrigés ([Ber68a, p.27]) & M5, Eng. Trans. TiX corrected Fi-
bonacci number ([Ber68b, p.32]), HAGER TI& MEIE Fibonacci %4 ([~ 89,
p.29]) £ 725 T 5. c-gapwords DESRE W LR LIZDIX, T O upper-
script O x ZPKERL L5 & LimZ &2k B, 72, Berge 1% Lucas #~DF
YSAESANAN

e Berge 132N 605 %, 1L AL 2HFHROMIELT D, TOENRTIE, 20
WMBICBITLEEDOHMEITERNTHD. T2LA, Berge M U TV D DI,
WD § THbNDEEME, 2% Y Theorems 2.1 (p.7), 2.2(p.9) "o/ LD %K
(Corollary) 12¥7-%.

3 Some Corollaries

9, circular TRWHF D gapset 5, TOMEBOFHFERXEIEAS . ne Zt %[
ELT, (nIZ&END gapsets DIEEE n 1L TROTIENREETHD. FEiX
Fv FEEHELI RV, EL00nEE9 L, EH kynst LV X OFEDO LBV IH
NTWLOTIERWD, LEPND L RFIETHL. Zo@Ey, oo, 15
FHEE D NELFARE 3 NE, KFDBREEYEDRWVE IR ~TF M@ Y & 2D
D) V) F=FTEA =V VBEICH LT, XTrT70UrFr 22 EIZED
BT RIS BET 5 LIANS, TSR L > TS L TFEREE,
OO0O0OQ0O %=#i<. 2L TZED#H, kD Theorem ZHW-Z LbHDHEHES .

THEOREM 3.1 (IEXA50hAELATE )

HLIFTZOFELIOHLNTEIZOWNWETIAEAVNDLTETET EBAZZOZ
SAZASDTKROBHDDODREHIZAVTATENS Lo A>T Ll
CoZbBoT—E0 b A N—SATORLICLYw 2 EEBDIFND2INR
EFTVBEIDIFESTLROHL5 LD LREBEZOZIDRLNTZb A
BRDHAEREPGZTOPNL LD TORLIZLw I EDRDL THRNRBWIA
AT ROLRITD 2 WNITFRVONRIENTHENN LR AZTEXITNEHEA
FABALIADR TN DE.
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Proof.

BENEDIRE, 71O LWERZENREEFETHD. 72720, AMELEORIEN
DN ... AROE ML FEfEM:, EEoTH L. [ ]

3.1 Pavlov's ... NO! NO! Pascal’s Triangle

~~~~~~ REEWHIF LI MINVNE LT, (n] EO gapsets O ERkD LS.
S C (n] M EEDOIEFENGD gapset THHEL L. (n] LoD, kEOERIG
% gapsets Offi%%E f(n, k) £ 35. S ® memword %, 1% kHEH, »oFD 1
DEHE LWL 57, £& n O binary string Th 5. TOMEEIL, #ESED X%
IYARATHE] TROHZENTES. Toaanld, n—kED 0 &<, ZOMH
Wk RS kO 1 2B AE RS = L TRLREME, 5 f (n, k) 13

fWJOZ(n_Z+1)

ThDH. T, 4, € NIToOWT 2 HEREK (;) Fi<jOEECFTRTOTH

- 1 .
LH00, ZO f(n, k) = " Z+ )@keNKﬁéﬁ%ﬁbhﬁ,OAKéiné

gapwords D%, SFE Y gapsets DEE G, ZKDDHZENTES ¢

Gi=Y rn =% (") 0

keN keN
ZOREX (3) I, Mxbhd 2 HEEO I index & T index DT EE
n+lChBIL, DD, i,jEN, j<ilLT, (3) KD ) CEXHZBRD
ENEETHD
)
itj=nt1
STTIE, ETFO index RN —ETHD X 5722 2 FLEEMNW A TWD DIE{a7) 2
...... ZmiEY, Pascal DEM 3 AR THD.
HHAA, Pascal’s Triangle IZ DWW TIE, TXRTOHRENR ZHFMOZ L &S D,
Table b Z /L&A 720.
Z @ Pascal’s Triangle IZ28B W\ T, TN 6A4AEIZHN I Ky aftA TTE 5 EM
FERMAK LS, FUORKTIE, oS8TV, ERXHARE L2 BIE

2 dy, do, ... EFEQ, d, LIS 2 EREOME 5, &3 HUE
si=(0) =1, s2= () =1,
ss=(p) + (1) =2 sa=(p) + (1) =3,
ss=(3) + (1) + () =5, se=(3) + (1) + () =8,

RIS, BRI dygy EICIES 2 RO 5,40 13

() () G- R0 o

Pascal’s Arithmetical Triangle

rising diagonal

A Note on Gap- and Circular Gap- Subsets.
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Table5 Pascal Triangle

-

() ,1""4 ORI

o0 RN

@ @ G B N

UG R

H @O GO O a6 e

OO0 O OO ° o5 100 5
1 6 15 20 15 6 1

L%, 22T, x e RIZOWT, [z] Tz & TRIGRWEKOEL (ceil of z) &, *
72 |x] 1T x A R WER KOS (loor of z) &, £
LRMARROERIC, 20 RSSO E, D ULAS<HALTHD. Zbid
Fibonacci £zt 7z 572\,
Hox HBEC, Gy = foye 2HoTND. ZhE (4), (5) Eb, KAKY oz &
iRy Ay
THEOREM 3.2 (Pascal’s Triangle & Gapsets, Fibonacci)
n € N®FC, Pascal’s Triangle ® EH-5HAHE d, 1o (2.5 2 RS OF s,
%, (n] I8 EN D gapsubsets OF%L G, 12— L, fit> TENIL Fibonacci
BEINDOFEn+ 2 fao ThDH :

Sp+2 = Gn - fn+2~

LHAN, Sy = fn EWVIBERFLOFWEOMDEZATHAI L, £OFEH D
RIEVEREFEOTHELEZY LEZ RS2 LY. ZOMABKROEI LD T
HoOT=THA A

Proof.

LR d, EO 2 BB OE s, TRDOT. RTR&EZ LiEs, =f, T
HD. n T HIMEICL D, di,dy L0 2 LTI 172721 572
N, S1 :f1 =1, SQZfQZl’C“E‘Z@ﬁ’).

n=k k+1 TCOMSERETS :

(IH): sk =fr, Skt1= fry1

n=k+20LE, LEFAXNABR dpio (ZIUS 2 HEEEIT

("1 (s (551 )

ThY, k—1l+1<l < I>E oL T0Lirsb. #oT, Mk

I=125h € (B g2 (hix (2070ks (half)] OXBFLTHS).

A Note on Gap- and Circular Gap- Subsets.
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o, Hk+2 ERAAR dpye L0 2 EREOM s 1%

h
sz = (I =IO+ T+ B (6)
=0

ThbH. ZOHE2HEUUMKIC, 2 EHRHEOMESEXZ AV, £728 1 HIZOWT
iy =1=(§) 2z,

sz = (o) + (1) + (551

+(5M+ G
=S )+ Y = s+ s

L5, (IH) L EDbHET, Skt2 = fra1 + fx = frae BDARINTZND, EED
n€ZT IZTOWTCEBOMSINE 2 7. |

FRICZOFHIZEETHY, HIERTIERTIILILE LB X ONDN, FHEITE
HTdHs. Newton (LT Euler 2L T, F7/ Gauss (LT, EH Theorema
D%IZFEH Demonstratio 23t < DIXYRTH 503, EDRIZER Scholium 3 5
T EBZ.

BRANFZICCTCHD LS. £LT, 2o document #HIZL T A TW
LFHEERNTZBIZESTE, ZOHERLIREANDBBEMT HILONHLTHA
5. L»L......

[RENT, EODESLTOMN?), ZOMEEEOTELAITHEVITEAIZL TR
2. ZORBEERN, %K% Z O documentation ([ZHbHEIZEZS S TH L.

Fxlx, £& n o gapwords IZOWT, 2 OHDEFMGRIZE 7= 2 LIZKNAON
TND57259 b, Fix 34572 Theorem 3.2 1%, £ & n @ gapwords &, ZNA&ETe 1
OEFICE L TR LTz & 2 DOERARIZ OV TOMBETH 5.

E&n @ gapwords O&KE W, =W L35, WoOERET, 1 838Hbhinto
DELEE WO, 1R 1REREbND bOOESEZ W, 1282 @fﬁzbzhé L ODOELE

W2, ..., IS, 1OHBEMA E ThIb00ESE Wr LEDT. hbixz
nen, ZHEE, BoEs, HIEFRR, ..., EEOEENS /2D gap subsets (2%

T5. K& n ®gapwords THDHLLE, 1OHBIEKEIXZ0<k<|(n+1)/2] TH
5. ZOLEREZ R ELTW =W, &, THbOER

h
W, =W W's W2 ... W= |4 w* (7)

ThHY, tWr=f(n k)= "7 DL1bh=[(n+1)/2TWHMZ, (3)
DERRD TR
Fx T FETHROIC, EE n D gapwords IZOWT, TOKREN 0 THEH011 THD

M, 1L o T W, DOEFSRE
W, = Cod C1

A Note on Gap- and Circular Gap- Subsets.
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AT, ZBIRMBEER Ghpe = Guir + Gy #4372 (Theorem 2.1 (p.7)). Z®
FICEA W, 25, b9 1 DORIEED FIZ (7) OFRICEMSEI NS, 5o CTAHAIUE
IG 205 FE, 1 >OMROBERBIEEDRIL DO TITRW. £, fitke
R Ok BN 2 Sk 9. 2 2I8, RO ERE & L ToOMRBEEENR,
e BRI EONITIER L TWD D& LD DX, EFZT T ARnrs).

IR, BMFOEANTHOITe o7 14 Scholium &IFHER b0, RS
Nz, ZnbE570n?] 1T 2EEDEZTHL.

32 G, & K, DR

Fex IXBEIC
Gn:fn+27 Kn:ln

EVWIHBEREH S TWS. e, G, K, OIFHBIE
Gn+2 - Gn+1 + Gna Kn+2 - Kn+1 + Kn

&6, Fibonacci / Lucas ¥l (f,), (1,) OEICEK Y SEOREBERBHRNEEL Z LT
5. —fXIT, FBw ORS% lgh(w) TRDOT.

THEOREM 3.3 (Fibonacci 5l & Lucas 50O (1))
(fn), (In) ZZ#E4 Fibonacci 41, Lucas #1325 & &, WA LD :

Gn+Gnyo=Knys, e fo+ far2 =g (8)

Proof.

RS n+30 cgapwords DEA Wy o &, KEH 0 THL1n1 THLMNT
HAIL, KEN O THIENDLRDIERE Cy, 1 THIHENLRDIELSE C)
L35

Co={weW; g|Ix:w=270Algh(z) =n+2},
Cr={weW;,g|Fw:w=2a"1Algh(z) =n+2}.

Co DEFR w = 2701220 T, BE n+2 DFE ¢ 1T gapword TH Y,
T EWpio THD. W, EEDO x € Whio OKRBIZ0 ZEETHIZEZI n+3
® c-gapword BFELND. Lo T Wi D Co ~DEHS g(z) = 270 77
EL, #Ch = 8Whia = o 8B D 370

KIZ, w=a"1€ W 3OV T, w c-gapword THDHLLE, ZOEIHIT
0 TRITNIFRLY, FTREMO 2HFH, SV REO 1 OEANL 0 T2RITH
X7 570

w=z"1=0"v"0L.
ZZToliXlgh(v) =n THY, »D gapword W, DEFZETH L. Wiz, W,
DIEEDFE v 12D 070701 ZENIXEE n+ 3 @ cgapword 2155, Lo T
h(v) = 070701 X W,, 25 C) ~ORHH L2505, 10 = W, = G,,.
£-oT, BEn+3 0 c-gapwords DES Wi 3 &, TOEROMEK K,y3
122\ T

Kn+3 = ﬁW;+3 = ﬁ(coﬂj Cl) = ﬁCO + ﬁOl = ﬁWn_:,_g + ﬁWn = Gn+2 + G,

A Note on Gap- and Circular Gap- Subsets.
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NI R/IASH Kn+3 = ln+37 Gn+2 = fn+47 Gn = fn+2 ThHH0NH ln+3 =
fn+4 + fn+2 L7210, index % FiF T l’ﬂ+1 = fn+2 + fn NP A AVASN |

Corollary 3.4

n n—k

K,=1,= .

n=1ln Zn_k< k)
keN

Proof.

c-gapword w € Wy 8 &Te 1 OEEICER L, Wi OEFETEMED 1 23T
FEOESE f*(n, k) EFRDT. ZD XS 7 gapword ONT, KEMN 0 TH D
LODEEE C, 1 THHLODEEE CY &1 5.

Ck 0EH#HIZw=2"0LVWHIFDOETHY, z X1 2EMEDEEn-10
gapword TH L6, ZOMEKIL f(n—1,k) = ("Zk) Thb.

CF OBEH wITLEN 0 THY, £-KEO 1 OBEANL0 TRINIERS AR
WnB, w=0"0"01 EVWHIEDETHY, viZEEn-37T, 12 k-1
BATVD gapword Th 5. Lo TEOMEEIT f(n—3,k—1) = (") T

k—1
H5.
INHofE LT, 1%k EET c-gapwords OEEE (FnD5 2 TIZWIL S
Xz HNT)

Frnk) = n—k n n—k—-1\ (n—k L k- (n—=k\ n (n-—k
WEE k-1 ) Uk )Tk ke ) Tk k
LD, o T, £& n D c-gapwords Dtk K, 1%, ZONIZEDLFE LT

Kn—znﬁk(‘;’“).

keN

THEOREM 3.5 (Fibonacci 5l & Lucas IO & (2))
Fibonacci 41| (f,,), Lucas 51 (1) lZ2\T

Kn + Kn+2 = 5Gn,1, i.e. ln + ln+2 = 5fn+1'

Proof.

Ky 4+ Knqz =5G, 239, RS n+3 0 c-gapword RS Wy 5 &, K
DEITHEHTD 0 we W) 3P0 T

i) w=0"2"00,
i) w=0"2"01,
ili) w=0"z"10,
iv) w=1"2"00,

v) w=0"z"10.
WPFRIZ DWW T, Igh(z) =n THD. ZhbEH7-T c-gapwords DES %
ENENTL, Ty, ..., Ty EFAUE, Wi RN BOERICHRENED -

Wi, =T o ... T,

FNENDOEZDOMEITOWT, R D

A Note on Gap- and Circular Gap- Subsets.
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e i) L i) IZ2WTC, FEx iXlgh(x) =n @ gapword THDH0 5,
i = 11> = G,

e iii) D x (FREMN 0 THD L I7% gapword TH D 1z =0"0I12BNT, v
T 1gh(v) =n—172% gapword TH D525, ZOMEET 4T5 = Gr-1.

e iv) @z TN 0 THD LS gapword THDH 1z =070 IZBNT, v
X 1gh(v) =n—172% gapword TH D05, TOMEEIT 1Ty = Gr_1.

o V) IZDOWTIE, x IEMisn 0 THD X 57 gapword THDH. . =0"u"0
IZBWT, uidlgh(u) =n—2 %2H7=7 gapword THHN D, FOEEIL
WY = Gy s

IhbofE LT, £EEn+ 3 ® c-gapwords DI K13 13

Kn+3 =2G, +2Gn-1 +Gr2
= 2Gn + Gn—l + (Gn—l + GTL—Q)
= 2Gn + Gn—l + Gn = 3Gn + Gn—l

DY SO, Wi IOV THAERIC LT

3

Kn+1 =3Gn—2 +Gr_3
Thodhb, Zofme LT

Kiyzs+ Kny1 =3G, +Gro1 + 3G 2+ Ghs
=3G, +Gno1+2G,—2+ (Gp—2+ Gp—3)
=3G, +Gn1+2G, o+ Gy
= 3G, +2(Gn-1+ Gp-2)
= 3G, + 2G,, = 5G,,.

£o T, index # T T Kpyo+ K, =5G,_1 THDHIMNE, EFIZESHEY T
H5. K, = ln, G, = fn+2 ThHNG, ln +ln+2 = 5fn+1 NS RIASR [ |

4 Appendix — Inplementation on Computer

Sorry, Not Yet Written!
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concatenate, 6

concatenation, 6

decoding, 3
direct sum, 7

empty string, 6
encoding, 3

Fibonacci Sequence, 3
gap subset, 5

gapset, 5

gapword, 6

Lucas sequence, 3
Lucas, F.E.A. (1842-1891), 4

membership relation, 3
memword, 3

neighbourhood relation, 5

Pascal’s Arithmetical Triangle, 13
power set, 2

rising diagonal, 13

JeEBIR, 3
gapsubset, 5

2203, 6

KK[ETH) gap subset, 5
IR BERERALR, 5
LSRR, 13

Ax YA X Tk, 13
B, 7

FePEPI%L, 3

2 S, 2
2 35, 3

Pascal O %t 3 AT, 13
Fibonacchi 41, 3
1k, 3

A1k, 3

~EER, 2

Lucas %%, 3
BiReBAR, 5

iz, 6
HET S, 6
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